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Comparison of the Lagrangians

• Einstein-Weinberg-Salam theory can be derived from a Palatini Lagrangian

L(Γλ
ρτ , gρτ ,Aν) = − 1

16π

√−g [ gµνRνµ(Γ) + 2Λb ]

+
1

32π

√−g tr(fραgαµgρνfνµ) + Lm(gµν,Aν, ψeν, φ · · ·), (1)

where Aν = Iaν +σibi
ν is composed of 2×2 Hermitian matrix components and

fνµ = 2A[µ,ν] +
i
√

α

2 lPsinθw
[Aν,Aµ]. (2)

• Non-Abelian LRES theory allows nonsymmetric Nµν and Γ̂λ
ρτ with 2× 2

Hermitian matrix components, excludes tr(fραgαµgρνfνµ), and includes a Λz,

L(Γ̂α
ρτ , Nρτ) = − 1

16π
N1/4[ tr(N−1µνRνµ(Γ̂)) + 4Λb ]

− 1

4π
g1/4Λz + Lm(gµν,Aν, ψeν, φ · · ·), N =det(Nµν) ,(3)

where the “bare” Λb≈−Λz so that Λ=Λb+Λz matches measurement, and

Aν = Γ̂σ
[νσ]/

√
−18Λb , g1/4gµν = N1/4N−1(µν), (gνµ = Igνµ assumed). (4)



The field equations

• The electro-weak field tensor fνµ is defined by

g1/4fνµ = iN1/4N−1[νµ]Λ1/2
b /

√
2, (5)

• Ampere’s law is identical to Weinberg-Salam theory

(g1/4fωτ), ω −
√
−2Λb g

1/4[fωτ,Aω] = 4πg1/4jτ (6)

• This determines the value of Λb and Λz,

−Λz ≈ Λb =
α

8 l2Psin2θw
∼ 1/l2P , (7)

and this is consistent with Λz being caused by zero-point fluctuations

• Other field equations have tiny extra terms

fνµ = 2A[µ,ν] +
√
−2Λb [Aν,Aµ] + (f2)Λ−1/2

b + (f ′′)Λ−1
b · · · (8)

Gνµ = 8πTνµ + tr

(
fσ

(νfµ)σ −
1

4
gνµfρσfσρ

)
+ Λgνµ + (f3)Λ−1/2

b + (f ′f ′)Λ−1
b . . . (9)



Non-Abelian LRES theory ≈ Einstein-Weinberg-Salam theory

• Extra terms in the field equations are <10−13 of usual terms for
worst-case |fµν|, |fµν;α| and |fµν;α;β| accessible to measurement.

• Abelian LRES theory closely approximates Einstein-Maxwell theory:
see Gen. Rel. Grav. (Online First), gr-qc/0801.2307.

• Usual Lorentz-force equation results from divergence of Einstein equations

• Exact solutions:
- EM plane-wave solution is identical to that of Einstein-Maxwell theory.
- Charged solution and Reissner-Nordström sol.have tiny fractional difference:

10−76 for r=Q=M =M¯, 10−64 for r=10−17cm, Q=e, M =Me.

• Standard tests | fractional difference from Einstein-Maxwell result
test case → | Q=M =M¯, r=4M | Q=e, M =MP , r=a0

periastron advance | 10−78 | 10−91

deflection of light | 10−79 | 10−57

time delay of light | 10−78 | 10−56

• Possible Proca field ghost with MProca/h̄=
√

2Λb ∼ 1/lP , but probably not



Lagrangian has U(1)⊗SU(2) invariance like Weinberg-Salam theory

• L → L under SU(2) gauge transformation, with 2×2 matrix U

Aν → UAνU
−1 +

i√
2Λb

U,νU
−1, (10)

⇒ Γ̂α
νµ → U Γ̂α

νµU−1 + 2δα
[νU,µ]U

−1, (11)

⇒ R̂νµ → UR̂νµU−1 (12)

Nνµ → UNνµU−1, gνµ → UgνµU−1, fνµ → UfνµU−1. (13)

• L → L under U(1) gauge transformation, with scalar ϕ

Aν → Aν +
1√
2Λb

ϕ,ν, (14)

⇒ Γ̂α
νµ → Γ̂α

νµ − 2iIδα
[νϕ,µ], (15)

⇒ R̂νµ → R̂νµ (16)
Nνµ → Nνµ, gνµ → gνµ, fνµ → fνµ. (17)

• L∗ = L when Aν and fνµ are Hermitian

Γ̂α ∗
νµ = Γ̂α T

µν , R̂∗
νµ = R̂T

µν, N∗
νµ=NT

µν, N∗ = N, (18)

⇒ A∗ν =AT
ν , f∗νµ=fT

νµ, g∗νµ=gT
νµ, g∗ = g. (19)



Summary of non-Abelian Λ-renormalized Einstein-Schrödinger theory

•
(
non−Abelian
LRES theory

)
≈

(
Einstein−Weinberg−

Salam theory

)
with |Λz| ≈ α

8 l2Psin2θw
∼ 1

l2P
.

• Extra terms in Weinberg-Salam field equations are < 10−13 of usual terms.

• lim
|Λz|→∞

(
LRES
theory

)
=

(
Einstein−Maxwell

theory

) (
Gen.Rel.Grav.(Online First)

gr−qc/0801.2307

)

• Lagrangian has U(1)⊗SU(2) invariance like Weinberg-Salam theory.

• Lm contains ψeν, φ fields, and could also include rest of Standard Model.

• It’s the ES theory but with Hermitian matrix components and a Λz term.

• Suggests untried approaches to a complete unified field theory:
- Larger matrices: 5×5 matrices for SU(5) or U(1)⊗SU(5)?

• For details see gr-qc/0804.1962



Backup charts



The non-Abelian Ricci tensor

• We use one of many nonsymmetric generalizations of Ricci tensor

R̂νµ = Γ̂α
νµ,α − Γ̂α

(α(ν),µ) +
1
2
Γ̂σ

νµΓ̂
α
(σα) +

1
2
Γ̂α
(σα)Γ̂

σ
νµ − Γ̂σ

ναΓ̂
α
σµ − Γ̂τ

[τν]Γ̂
ρ
[ρµ]/3 (20)

• Because it has important invariance properties

Rρτ(Γ̂
α T
νµ ) = RT

τρ(Γ̂
α
µν) (transposition symmetric)(21)

Rρτ(U Γ̂α
νµU−1+2δα

[νU,µ]U
−1) = URρτ(Γ̂

α
νµ)U

−1 (almost SU(2) invariant) (22)

Rρτ(Γ̂
α
νµ − 2iI δα

[νϕ,µ]) = Rρτ(Γ̂
α
νµ) (U(1) invariant) (23)

• For Abelian fields the third and fourth terms are the same.

• Reduces to the ordinary Ricci tensor for Γ̂α
[νµ] =0 and Γ̂α

α[ν,µ] =0, as occurs

in ordinary general relativity.



The Lagrangian Density Again

• Aν is defined by

Aν = Γ̂
ρ
[νρ]/

√
−18Λb . (24)

• Γ̂α
νµ can be decomposed into Γ̃α

νµ with the symmetry Γ̃α
να= Γ̃α

αν, and Aν,

Γ̃α
νµ = Γ̂α

νµ + (δα
µ Γ̂

σ
[σν] − δα

ν Γ̂
σ
[σµ])/3 ⇒ Γ̂α

νµ = Γ̃α
νµ + 2δα

[µAν]

√
−2Λb . (25)

• The Lagrangian density (3) in terms of Aµ, Γ̃α
νµ and R̃νµ=Rνµ(Γ̃) is,

L(Γ̂λ
ρτ , Nρτ) = − 1

16π
N1/4

[
tr(N−1µν(R̃νµ + 2A[ν,µ]

√
−2Λb ) + 2Λb[Aν,Aµ]) + 4Λb

]

− 1
4π

Λzg
1/4 + Lm(Aν, gµν, ψeν, φ, · · ·). (26)

• The nonsymmetric Ricci tensor (20) reduces to

R̃νµ = Γ̃α
νµ,α − Γ̃α

α(ν,µ) +
1
2
Γ̃σ

νµΓ̃
α
σα +

1
2
Γ̃α

σαΓ̃
σ
νµ − Γ̃σ

ναΓ̃
α
σµ (27)

• We assume the special case gνµ = Itr(gνµ)/2 and Γ̃α
νµ = Itr(Γ̃α

νµ)/2.



The Einstein Equations

• gµν and fµν are defined by (with c=G=1)

g1/4gνµ = N1/4N−1(µν) (28)

g1/4fνµ = iN1/4N−1[νµ]Λ1/2
b /

√
2 (29)

Inverting these definitions gives (after some effort)

N(νµ) = gνµ − 2
(
fσ

(νfµ)σ − 1
4

gνµtr(fρ
σf

σ
ρ)/2

)
Λ−1b + (f3)Λ−3/2

b · · · (30)

N[νµ] = fνµ

√
2 iΛ−1/2

b + (f2)Λ−1
b · · · (31)

• fµν comes from δL/δ(
√−NN−1[µν])=0 and R̃[νµ]=(f ′′)Λ−1/2

b · · · from (43),

N[νµ] = 2A[µ,ν]

√−2Λ−1/2
b − 2[Aν,Aµ]−R̃[νµ]Λ

−1
b (32)

⇒ fνµ = Aµ,ν−Aν, µ +
√
−2Λb [Aν,Aµ] + (f2)Λ−1/2

b + (f ′′)Λ−1b · · · (33)

• Einstein equations come from δL/δ(
√−NN−1(µν))=0,

G̃νµ = 8πTνµ−Λbtr
(
N(νµ) − 1

2
gνµNρ

ρ

)
+ Λz gνµ (34)

= 8πTνµ + tr
(
fσ

(νfµ)σ−1
4

gνµfρσfσρ

)
+ Λgνµ + (f3)Λ−1/2

b + (f ′f ′)Λ−1b · · · (35)



Weinberg-Salam equivalent of Ampere’s Law

• Maxwell’s equations come from δL/δAτ =0,

(g1/4fωτ), ω −
√
−2Λb g

1/4[fωτ,Aω] = 4πg1/4jτ , (36)

where fνµ ≈ 2A[µ,ν] +
√−2Λb [Aν,Aµ] and

jτ =
−1√−g

δLm

δAτ
. (37)

• Lm contains ψeν, φ fields of Weinberg-Salam theory,

jτ = Qψ̄eνγ
τψeν. (38)



The Connection Equations

• Relation between Γ̃α
µν and Nµν like (

√−ggτρ);β =0 comes from δL/δΓ̃β
τρ=0,

tr[(N1/4N−1ρτ), β + Γ̃τ
σβN1/4N−1ρσ+ Γ̃

ρ
βσN1/4N−1στ − Γ̃α

βαN1/4N−1ρτ ]

=
8π
√

2 i

3
g1/4 tr[j[ρ]δτ ]

β Λ−1/2
b . (39)

• Solving these equations gives

Γ̃α
(νµ) =

I

2
gαρ(gµρ,ν + gρν,µ − gνµ,ρ) + (f ′f)Λ−1b · · · , (40)

Γ̃α
[νµ] = (f ′)Λ−1b · · · , (41)

R̃(νµ) = Rνµ + (f ′f ′)Λ−1b · · · , (42)

R̃[νµ] = (f ′′)Λ−1/2
b · · · . (43)

⇒ R̃(νµ)≈Rνµ and fνµ≈2A[µ,ν] +
√−2Λb [Aν,Aµ] with fractional differences

<10−13 for worst-case |fµν|, |fµν;α|, |fµν;α;β| accessible to measurement
(e.g. 1020eV,1034Hz γ-rays).



Proca waves as Pauli-Villars ghosts?

• If wave-packet Proca waves exist and if they have negative energy,
perhaps the Proca field functions as a built-in Pauli-Villars ghost

ωc = ωProca =
√

2Λb , − Λz ≈ Λb =
α

8l2Psin2θw
(44)

Λz = −ω4
c l2P
2π

(
fermion

spin states
− boson

spin states

)
(45)

⇒
(

fermion
spin states

− boson
spin states

)
=

4πsin2θw

α
= 412.8± 2 (46)

• In this case 4πsin2θw/α or its “bare” value at ωc should be an integer.

• For the Standard Model the difference in (46) is about 60.

• Non-Abelian LRES theory works for d× d instead of 2× 2 matrices.

• Perhaps some value of “d” is consistent with (46).

• SU(5) almost unifies the Standard Model, how about U(1)⊗SU(5) ?


